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Abstract. In [Pel], [Pe2], [API], [AP2], and [AP3] sharp estimates for f(A) - f(B) 
■ were obtained for self-adjoint operators A and B and for various classes of functions 

/ on the real line K. In this paper we extend those results to the case of functions of 
normal operators. We show that if a function / belongs to the Holder class A Q (R 2 ), 
^ ■ < a < 1, of functions of two variables, and Nx and N2 are normal operators, then 

<C 11/(^1) ~ /(-Na)U < const ||/|| A „||iVi - N 2 \\ a . We obtain a more general result for 

- . functions in the space A„(R 2 ) = {/ : |/(Ci) — fiCi)] < consta;(|£i — C2I)} for an 

arbitrary modulus of continuity u. We prove that if / belongs to the Besov class 
Blaii^ 2 ), then it is operator Lipschitz, i.e., ||/(A r i)-/(A r 2)|| < const ||/|| fl i \\N 1 -N 2 \\. 

1 1 We also study properties of f(Ni) ~ f(N$) in the case when / £ A Q (R 2 ) and Ni — N2 

belongs to the Schatten-von Neuman class Sp. 
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1. Introduction 

The purpose of this paper is to generalize results of the papers [Pel], [Pe2], [API], 
[AP2], and [AP3] to the case of normal operators. 

A Lipschitz function / on the real line R (i.e., a function satisfying the inequality 
\f(x) — f(y)\ < const \x — y\, x, y G M) does not have to be operator Lipschitz. In other 



1. Introduction 

The purpose of this paper is to generalize results of the papers [Pe! 
[AP2], and [AP3] to the case of normal operators. 

A Lipschitz function / on the real line R (i.e., a function satisfying 
\f(x) — f(y)\ < const \x — y\, x, y £ M) does not have to be operator Li} 
words, a Lipschitz function / does not necessarily satisfy the inequality 



\\f(A)- f(B)\\< const \\A-B 
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for arbitrary self-adjoint operators A and B on Hilbert space. The existence of such 
functions was proved in [Fl]. Later Kato proved in [K] that the function f(x) = \x\ 
is not operator Lipschitz. Note also that earlier Mcintosh established in [Mc] a similar 
result for commutators (i.e., the function f(x) = \x\ is not commutator Lipschitz). 

In [Pe2] and [Pe3] necessary conditions were found for a function / to be operator 
Lipschitz. In particular, it was shown in [Pe2] that if / is operator Lipschitz, then / 
belongs locally to the Besov space S^R). This also implies that Lipschitz functions 
do not have to be operator Lipschitz. Note that in [Pe2] and [Pe3] stronger necessary 
conditions were also obtained. Note also that the necessary conditions obtained in [Pel] 
and [Pe2] are based on the trace class criterion for Hankel operators, see [Pel] and [Pe4], 
Ch. 6. 

On the other hand, it was shown in [Pe2] and [Pe3] that if / belongs to the Besov 
class B^ ol (E), then / is operator Lipschitz. We refer the reader to [Pee] for information 
on Besov spaces. 

It was shown in [API] and [AP2] that the situation dramatically changes if we consider 
Holder classes A Q (R) with < a < 1. In this case such functions are necessarily operator 
Holder of order a, i.e., the condition \ f(x) — f(y)\ < const \x — y\ a , x, y G R, implies 
that for self-adjoint operators A and B on Hilbert space, 

< const ||A-fl|| a . 

Another proof of this result was found in [FN2] . 

This result was generalized in [API] and [AP2] to the case of functions of class A W (R) 
for arbitrary moduli of continuity uj. This class consists of functions / on R, for which 
1/0*0 - f(y)\ < const wfla; - y\), x, y G R. 

Let us also mention that in [API] and [AP3] properties of operators f(A) — f(B) were 
studied for functions / in A a (R) and self-adjoint operators A and B whose difference 
A — B belongs to Schatten-von Neumann classes S p . 

In [API], [AP2] and [AP4] analogs of the above results were obtained for higher order 
operator differences. 

We also mention here that the papers [API], [AP2], [AP3], [AP4], [AP5], and [Pe5] 
study problems of perturbation theory for unitary operators, contractions, and dissipa- 
tive operators. 

In this paper we are going to study the case of (not necessarily bounded) normal 
operators. 

In § 7 we prove that if / is a function on R 2 that belongs to the Besov class 5^ ol (R 2 ) , 
then it is an operator Lipschitz function on R 2 , i.e., 

||/(JVi) - f(N 2 )\\ < const ||JVi-JV 2 || 

for arbitrary normal operators Ni and N 2 . Note that we say that the operator Ni — N 2 
is bounded if the domains and £% 2 of N\ and N 2 coincide and N\ — N 2 is bounded 
on £^Vi- If Ai — N 2 is not a bounded operator, we say that ||Ai — N 2 \\ = oo. 

Note, however, that the proof of the corresponding result for self-adjoint operators 
obtained in [Pe3] does not work in the case of normal operators. In the case of self- 
adjoint operators it was shown in [Pe3] that for functions / in the Besov space 5^ ol (R) 
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and self-adjoint operators A and B with bounded A — B, the following formula holds: 

f(A) - f(B) = [[ f{x) - f{y) dE A (x)(A - B) dE B (y). 
J J x-y 

The expression on the right is a double operator integral. However, in the case of normal 
operators a similar formula holds for arbitrary normal operators only for linear functions 
(see a more detailed discussion in § 5). 

In § 5 we obtain a new formula for f{N\) — / (A*^) in terms of double operator integrals 
for suitable functions / on C and normal operators N\ and N 2 with bounded N\ — N 2 - 
The validity of this formula depends on the fact that certain divided differences are Schur 
multipliers. This will be proved in § 6. 

In § 8 we prove that as in the case of self-adjoint operators, Holder functions of order 
a, < a < 1, must be operator Holder of order a. We also consider the case of arbitrary 
moduli of continuity. Note that in [FN1] some weaker results were obtained. 

Section 9 is devoted to the study of properties of f(Ni) — f(N 2 ), where N\ and N 2 are 
normal operators whose difference N\ — N2 belongs to the Schatten-von Neumann class 
S p and / belongs to the Holder class A a (lR 2 ). We obtain analogs for normal operators 
of the results of [API] and [AP2] for self-adjoint operators. We also obtain much more 
general results for normal operators Ni and N2 whose difference 7V"i — N2 belongs to 
ideals of operators on Hilbert space. 

Finally, in § 10 we obtain estimates for quasicommutators f(Ni)R— Rf(N 2 ) in terms 
of NiR- RN 2 and N*R - RN*. 

In § 2 we give a brief introduction to Besov spaces and the spaces A w (lR 2 ) of functions 
of two real variables. In § 3 we review ideals of operators on Hilbert space. Finally, § 4 
is an introduction to the Birman-Solomyak theory of double operator integrals. 

Note that the results of this paper were announced in the note [APPS]. 

Throughout the paper we identify the complex plane C with M 2 . 



2. Function spaces 



In this section we collect necessary information on Besov spaces and the spaces A w (M 2 ) 
of functions of two real variables. 



2.1. Besov classes. The purpose of this subsection is to give a brief introduction to 
Besov spaces that play an important role in problems of perturbation theory. We need 
the Besov spaces on M. 2 only. 

Let w be an infinitely differentiable function on M such that 



w > 0, suppw C 



, and w{x) = l-w(^j for a: €[1,2]. (2.1) 
We define the functions W n on R 2 by 

^W n (x) = w (^Pj , neZ, x = (xi,x 2 ), \x\ d = (x 2 + xl) 1/2 , 



where & is the Fourier transform defined on L l (R 2 ) by 

{^f)(t)= [ f(x)e-^dx, x = (x!,x 2 ), t = (h,t 2 ), (x,t) = x 1 t 1 + x 2 t 2 . 
With each tempered distribution / G o^"(lR 2 ), we associate a sequence {f n }nez, 

fn = f * W n . (2.2) 

Initially we define the (homogeneous) Besov class Bp q (R 2 ^, s > 0, 1 < p, q < oo, as the 
space of all / G ,9"{R 2 ) such that 

{2 ns \\f n \\ LP } n& e^{Z). (2.3) 

According to this definition, the space -E>*(R 2 ) contains all polynomials. Moreover, the 
distribution / is defined by the sequence {f n }nez uniquely up to a polynomial. It is easy 
to see that the series ^2 n>0 f n converges in S*"(M). However, the series ^2 n<0 f n can 
diverge in general. It is easy to prove that the series 

converges uniformly on R 2 for every nonnegative integer r > s — 2/p and < k < r. 
Note that in the case q = 1 the series (2.4) converges uniformly, whenever r > s — 2/p 
and < k < r. 

Now we can define the modified (homogeneous) Besov class Bp q (R 2 ) . We say that a 
distribution / belongs to BUR 2 ) if (2.3) holds and 



d r f dTfn 



dx\dx r 2 k ^dx\dx\- k 

in the space =5^'(lR 2 ), where r is the minimal nonnegative integer such that r > s — 2/p 
(r > s — 2/p if q = 1) and < k < r. Now the function / is determined uniquely by the 
sequence {/ n }nez up to a polynomial of degree less than r, and a polynomial ip belongs 
to (R 2 ) if and only if degip < r. 

To define a regularized de la Vallee Poussin type kernel V n , we define the C°° function 
v on R by 

v(x) = 1 for x G [—1,1] and v(x) = w(\x\) if \x\ > 1, 

where w is the function defined by (2.1). Now we can define the de la Vallee Poussin 
type functions V n by 

,^V n (x) = v (^Pj , n G Z, x = (xi,x 2 ). 

We put F d = F - Clearly, V n {x) = 2 2n V{2 n x). 

Besov classes admit many other descriptions. We give here the definition in terms of 
finite differences. For ft 6 K 2 , we define the difference operator A^, 

(A h f)(x) = f(x + h)-f(x), x£R 2 . 
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It is easy to see that B° q (R 2 ) c L^R 2 ) for every s > and B° q (R 2 ) C C(R 2 ) for 
every s > 2/p. Let s > and let m be a positive integer such that m — 1 < s < m. The 
Besov space Bp q (R 2 ) can be defined as the set of functions / G Lj^M 2 ) such that 

f \h\- 2 - s i\\AZ l f\\ q LP dh< oo for g<oo 



and 



I|A^/||lp , . 

SU P 17~ i < 00 Ior q = oo. 

hjto \h\ s 



(2.5) 



However, with this definition the Besov space can contain polynomials of higher degree 
than in the case of the first definition given above. 
We use the notation B°(R 2 ) for B° p (R 2 ). 

For a > 0, denote by A a (R 2 ) the Holder-Zygmund class that consists of functions 
/ G C(R 2 ) such that 

\(Aff)(x)\ < const \h\ a , x, he R 2 , 

where m is the smallest integer greater than a. By (2.5), we have A a (lR 2 ) = B^iR 2 ). 
We refer the reader to [Pee] and [T] for more detailed information on Besov spaces. 

2.2. Spaces A tlJ (lR 2 ). Let w be a modulus of continuity, i.e., a; is a nondecreasing 
continuous function on [0, oo) such that cj(0) = 0, lo(x) > for x > 0, and 

v(x + y) < u>(x) + oj(y), x,y€.[Q,oo). 

We denote by A w (R 2 ) the space of functions on R 2 such that 

II ,H def \f(x) ~ f(y)\ 

ii/IIa "" i> = I?, mx-»i) <0 °' 

Theorem 2.1. There exists a constant c > such that for an arbitrary modulus of 
continuity ui and for an arbitrary function f in A w (M 2 ) , the following inequality holds: 



||/-/*K||l~ <ca;(2-")||/|| Att(R 2 ) , nez. 



(2.6) 



Proof. We have 



\f{x)-{f*V n ){x)\=2 2n 



< 2 



2n 



->2n 



{f(x)-f(x-y))V{2 n y)dy 
AR2) [ U (\y\) \V(2 n y)\ dy 



Aum I ^(lyl) \y^ n v)\ ^ 

'{|y|<2—} 



+ 2 



2n 



{|y|>2-»} 



u(\y\) \V(2 n y)\ dy. 



Clearly, 



2 2n [ u(\y\) \V(2 n y)\ dy < u{2~ n ) \\V\\ L i. 

•>{\y\<z- n } 



On the other hand, keeping in mind the obvious inequality 2 n uj(\y\) < 2|y|w(2 n ) for 
\y\> 2~ n , we obtain 

2 2n [ U (\y\) \V(2 n y)\ dy < 2 • 2^(2^) [ \y\ \V (2 n y)\ dy 

J{\y\>2-"} J{\y\>2-"} 

= 2u(2- n ) [ \y\-\V (y)\ dy < const u(2- n ). 

This proves (2.6). ■ 

Corollary 2.2. There exists c > such that for every modulus of continuity co and 
for every f £ A w (R 2 ) , the following inequalities hold: 

||/*W n ||£ao <ca;(2-)||/|| Aw(ffi2) , nGZ. 



3. Operator ideals 

In this section we give a brief introduction to quasinormed ideals of operators on 
Hilbert space. Recall a functional || • || : X — > [0, oo) on a vector space X is called a 
quasinorm on X if 

(i) ||x|| = if and only if x = 0; 

(ii) ||ax|| = |q| • ||x||, for every x £ X and a G C; 

(hi) there exists a positive number c such that ||x + y|| < c(||x|| + ||y||) for every x and 
y in X. 

We say that a sequence {xj}j>\ of vectors of a quasinormed space X converges to 
x £ X if lim \\xj — x\\ = 0. It is well known that there exists a translation invariant 

metric on X which induces an equivalent topology on X. A quasinormed space is called 
quasi-Banach if it is complete. 

Recall that for a bounded linear operator T on Hilbert space, the singular values 
Sj(T), j > 0, are defined by 

Sj(T) = inf {\\T- R\\ : rank R<j}. 

Clearly, so(T) = \\T\\ and T is compact if and only if Sj(T) — > as j — > oo. We also 
introduce the sequence {<r n (T)} n >o defined by 

MT)^ ^X>(T). (3.1) 

3=0 

Definition. Let be a Hilbert space and let 3 be a linear manifold in the set ^(J^) 
of bounded linear operators on Jif that is equipped with a quasi- norm || • ||j that makes 
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3 a quasi-Banach space. We say that 3 is a quasinormed ideal if for every A and B in 
&{Jf?) and T £ 3, 

ATB € J and \\ATB\\ 3 < \\A\\ ■ \\B\\ ■ \\T\\ 3 . (3.2) 

A quasinormed ideal 3 is called a normed ideal if || ■ ||g is a norm. 
Note that we do not require that 3 / ^(^). 

It is easy to see that if Xi and T2 are operators in a quasinormed ideal 3 and Sj(Ti) = 
Sj{T2) for j > 0, then ||Ti||3 = 1 1 T2 1 1 3 . Thus there exists a function \l/ = Vl/^ defined 
on the set of nonincreasing sequences of nonnegative real numbers with values in [0, 00] 
such that T £ 3 if and only if *(s (T), Sl (T), s 2 (T), •••)< 00 and 

\\T\\ 3 = *(8 (T), ai {T),S2(T),--- ), Te3. 

If T is an operator from a Hilbert space to a Hilbert space we say that T belongs 
to J if y(so(T), Sl (T),s 2 (T),--- ) <oo. 

For a quasinormed ideal J and a positive number p, we define the quasinormed ideal 
by 



\P/2 



l/p 



3 m = | T: ( T *r) p/2 e a} , ||t|| 3{p} d = ||(t*t) j 

If T is an operator on a Hilbert space and d is a positive integer, we denote by 
d d 
[T]d the operator Tj on the orthogonal sum Jif of d copies of Jtf, where Tj = T, 

j=i i=i 
1 < j < d. It is easy to see that 

s n ([T] d ) =s [n/d] (T), n>0, 

where [x] denotes the largest integer that is less than or equal to x. 

We denote by /3j ^ the quasinorm of the transformer T 4 [T] d on 3. Clearly, the 
sequence {fo,d}d>i is nondecreasing and submultiplicative, i.e., fa^di < ^3,di^3,d 2 - ^ ^ s 
well known (see e.g., § 3 of [AP3]) that the last inequality implies that 

Jim l ^2A = inf }E*0M. (3.3) 

d->oo logo d>2 logfl 

Definition. If 3 is a quasinormed ideal, the number 

h def nm log^, = . nf l«g^ 

d^oo log a c(>2 log a 
is called the upper Boyd index of 3. 

It is easy to see that /3j < 1 for an arbitrary normed ideal 3. It is also clear that 
< 1 if and only if lim d -1 ^ = 0. 

<i— s-oo 

Note that the upper Boyd index does not change if we replace the initial quasinorm 
in the quasinormed ideal with an equivalent one that also satisfies (3.2). It is also easy 
to see that 

/3 3{p} = p~ x fc. 

The proof of the following fact can be found in [AP3], § 3. 
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Theorem on ideals with upper Boyd index less than 1. Let 3 be a quasinormed 
ideal. The following are equivalent: 

(i) ft < l; 

(ii) for every nonincreasing sequence {s n }>o of nonnegative numbers, 

*a (Wn}n>o) < const ^ ({s„}„> ) , (3.4) 

dcf n 

where a n = (1 + n)" 1 ^ Sj. 

i=o 

For a normed ideal 3 let C3 be the best possible constant in inequality (3.4). Then 
(see [AP3], §3) 

00 

Ca<3j>- fe /V. ( 3 - 5 ) 

k=0 

Let Sp, < p < 00, be the Schatten-von Neumann class of operators T on Hilbert 
space such that 

, i/p 

This is a normed ideal for p > 1. We denote by S Pt00 , < p < 00, the ideal that consists 
of operators T on Hilbert space such that 

||T|| s _^ f ^sup(l+i)( S ,(T))^ 

The quasinorm || • ||p ; oo is not a norm, but it is equivalent to a norm if p > 1. It is easy 
to see that 

Ps p = Ps P:00 = ~, 0<p<oo. 

Thus S p and S P:OQ with p > 1 satisfy the hypotheses of Theorem on ideals with upper 
Boyd index less than 1. 

It follows easily from (3.5) that for p > 1, 

C Sp <3(l-2 1 /f-i)- 1 . 

Suppose now that 3 is a quasinormed ideal of operators on Hilbert space. With 
a nonnegative integer I we associate the ideal ^3 that consists of all bounded linear 
operators on Hilbert space and is equipped with the norm 

^(Oa( s o,si,s 2 ,---) = *(s ,si,--- , «h 0,0, •••)• 
It is easy to see that for every bounded operator T, 

||T||(i) 3 = sup{||i?T|| a : \\R\\ < 1, ranki? < I + l} 



= sup{||Ti?|| a : < 1, ranki? < I + l}. 



It is easy to verify (see [AP3], § 3) that if 3 is a quasinormed ideal, then for all I > 0, 

C m < C 3 . (3.6) 

Note that if 3 = S p , p > 1, then S l p = f ^S p is the normed ideal that consists of all 
bounded linear operators equipped with the norm 

wnsi = f E (^t)Y 

\j=o 

It is well known that || • is a norm for p > 1 (see [BS4]). 
It is also well known (see [AP3], § 3) that 

\\TiT 2 \\ s i < \\Ti\\ s i\\T 2 \\ s i, (3.7) 

where T\ and T 2 bounded operator on Hilbert space and l/p+ 1/q = 1/r. 

We say that a quasinormed ideal 3 has majorization property (respectively weak ma- 
jorization property) if the conditions 

Ti €3, T 2 G 38, and ai(T 2 ) < gi{T{) for all I > 

imply that 

T 2 GJ and ||T 2 || 3 < ||Ti|| 3 (respectively ||r 2 || 3 < C||Ti|| 3 ) 

(see [GK]). Note that if a quasinormed ideal 3 has weak majorization property, then we 
can introduce on it the following new equivalent quasinorm: 

||T|| 5 d = sup{|| J R|| a : MR) < °i( T ) for aU 1 > 0} 

such that (3, \\ • ||j) has majorization property. 

It is well known that every separable normed ideal and every normed ideal that is dual 
to a separable normed ideal has majorization property, see [GK]. Clearly, Si C 3 for 
every quasinormed ideal 3 with majorization property. Note also that every quasinormed 
ideal 3 with /3y < 1 has weak majorization property (see, for example, § 3 of [AP3] and 
§3of[AP4]). 

We need the following fact on interpolation properties of quasinormed ideals that have 
majorization property (see e.g., [AP4]): 

Theorem on interpolation of quasinormed ideals. Let 3 be a quasinormed ideal 
with majorization property and let 21 : 2 — > £ be a linear transformer on a linear subset 
£ of 3$ such that£C\Si is dense in Si. Suppose that ||2tT|| < ||T|| and ||2lT|| Sl < ||T|| Sl 
for all T G £. Then ||21T||3 < \\T\\y for every T £ £. 

We refer the reader to [GK] and [BS4] for further information on singular values and 
normed ideals of operators on Hilbert space. 
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4. Double operator integrals 



In this subsection we give a brief introduction in double operator integrals. Double 
operator integrals appeared in the paper [DK] by Daletskii and S.G. Krein. However, 
the beautiful theory of double operator integrals was developed later by Birman and 
Solomyak in [BS1], [BS2], and [BS3], see also their survey [BS6]. 

Let {% ,E\) and ,E-i) be spaces with spectral measures E\ and E2 on a Hilbert 
space Jf. The idea of Birman and Solomyak is to define first double operator integrals 



// 



$(x,y)dE 1 (x)TdE 2 (y), 



(4.1) 



for bounded measurable functions <3? and operators T of Hilbert Schmidt class S 2 - Con- 
sider the spectral measure £ whose values are orthogonal projections on the Hilbert 
space S2, which is defined by 

,f(AxA)T = B 1 (A)TE 2 (A), T £ S 2 , 

A and A being measurable subsets of S£ and *3f . It was shown in [BS5] that £ extends 
to a spectral measure on JT x <3f and if $ is a bounded measurable function on x Sf, 
by definition, 



// 



<f>{x,y)dE 1 {x)TdE 2 (y) 



<5>d£\T. 



Clearly, 



If 



J j <S>(x,y)dEi(x)TdE 2 (y) 



< W 



\T\\s 2 



s 2 



II 

X 9 



<S>(x,y)dEi(x)TdE 2 {y) G Si 



for every T G Si, we say that $> is a Schur multiplier of Si associated with the spectral 
measures E\ and E 2 . 

In this case the transformer 



<S>(x,y)dE 2 (y)TdE 1 (x), T 



G S 2 



(4.2) 



extends by duality to a bounded linear transformer on the space of bounded linear 
operators on and we say that the function ^ on x defined by 

is a Schur multiplier (with respect to E 2 and E\) of the space of bounded linear opera- 
tors. We denote the space of such Schur multipliers by 9Jt(i?2, E{). The norm of VP in 
Wl(E2,Ei) is, by definition, the norm of the transformer (4.2) on the space of bounded 
linear operators. 
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In [BS3] it was shown that if A and B are a self-adjoint operators (not necessarily- 
bounded) such that A — B is bounded and if / is a continuously differentiable function 
on R such that the divided difference Df, 

(D/)(x,y) = ^M, 
x — y 

is a Schur multiplier of Si with respect to the spectral measures of A and B, then 

f(A)-f(B) = J J (Vf)(x,y)dE A (x)(A-B)dE B (y) (4.3) 

and 

H/04) - f(B)\\ < const \\f\\ mEA ,E B )\\A - B\\, 
i.e., / is an operator Lipschitz function. 

It is easy to see that if a function $ on 3C x *3/ belongs to the projective tensor product 
L 00 (Ei)®L 00 (E 2 ) of L°°(Ei) and L°°(E 2 ) (i.e., $ admits a representation 

*0&,j/) = ^(^n(x)V'n(y), 

n>0 

where ip n G L°°(Ei), ip n G L°°(E 2 ), and 

X] ll^nlU^ll^nllL^ < OO), 
n>0 

then $ G 9Jl(^i, #2)- For such functions $ we have 

I J <5>(x,y)dEi(x)TdE 2 (y) = E / 

More generally, <3? G 9Jl(Ei, E 2 ) if belongs to the integral projective tensor product 
L 00 {Ei)® i L 00 {E 2 ) of L°°(Ei) and L°°(E 2 ), i.e., $ admits a representation 

$(x,y) = / ip(x,w)ip(y,w)d\(w), (4.4) 

where (fi, A) is a cr-finite measure space, is a measurable function on x $7, ^ is a 
measurable function on ^ xfl, and 

/ Hv(-,«')||L<»(Bi)IIV'(->«')|| L oo(^)dA(ii;) < 00. (4.5) 
./n 

If $ G L 00 ^)®^ 00 ^), then 

y y $(x,y)dEi(x)TdE 2 (y) = J J tp(x,w) dEi(x) J T y ^{y,w)dE 2 {y) j dA(«;). 
Clearly, the function 



s 1 ^ 



/ <p(x,w)dEi(x)\T( f i,{y,w)dE 2 {y) 
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is weakly measurable and 



n 



ip(x,s)dE 1 (x) T / ip(y,w)dE 2 (w) 



d\(w) < oo. 



It turns out that all Schur multipliers can be obtained in this way. More precisely, the 
following result holds (see [Pe2]): 

Theorem on Schur multipliers. Let & be a measurable function on x <3S . The 
following are equivalent: 

(i) ^em(E 1 ,E 2 ); 

(ii) $ G L 00 (E 1 )^ i L 00 (E 2 ); 

(hi) there exist measurable functions if on X x Q, and ip on & x Q, such that (4.4) 
holds and 



\(p(-,w)\ 2 d\(w] 



1/2 



L°°(E) 



•, u>)| 2 d\(w 



1/2 



< OO. 



(4.6) 



L°°(F) 



The implication (iii)=^(i) was established in [BS3]. In the case of matrix Schur multi- 
pliers (this corresponds to discrete spectral measures of multiplicity 1) the fact that (i) 
implies (ii) was proved in [Be]. 

Note that the infimum of the left-hand side in (4.6) over all representations of the 
form (4.4) is the so-called Haagerup tensor norm of two L°° spaces. 

It is interesting to observe that if tp and -ip satisfy (4.5), then they also satisfy (4.6), 
but the converse is false. However, if $ admits a representation of the form (4.4) with 
ip and ip satisfying (4.6), then it also admits a (possibly different) representation of the 
form (4.4) with ip and ip satisfying (4.5). We refer the reader to [Pi] for related problems. 

It is also well known that %R(Ei, E 2 ) is a Banach algebra (see [Pe2]). 

To conclude this section, we would like to observe that it follows from the Theo- 
rem on interpolation of quasinormed ideals (see §3) that if $ G 9Jl(Ei, E 2 ) and J is a 
quasinormed ideal with majorization property, then 



T G 3 



J J ${x,y)dE 1 {x)TdE 2 {y)e3 



and 



// 



<S>(x,y)dE 1 (x)TdE 2 (y) 



< ll $ llOT(£i,£2)ll r ll 



(4.7) 



5. The basic formula in terms of double operator integrals 



Recall that a function / on R 2 is called operator Lipschitz if 
||/(iVi)-/(iV 2 )|| < const \\Nx-N2 1 1 



(5.1) 
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for every normal operators Ni and N 2 on Hilbert space. Clearly, if / is operator Lipschitz, 
then / is a Lipschitz function. The converse is false, because it is false for self-adjoint 
operators (see the Introduction). 

The first natural try to prove that a function on IR 2 is operator Lipschitz is to attempt 
to generalize formula (4.3) to the case of normal operators. Suppose that the divided 
difference 

(z 1 ,z 2 ) •-->• , zi, z 2 e C, 

zi - z 2 

is a Schur multiplier with respect to arbitrary Borel spectral measures on C. Then as 
in the case of self-adjoint operators, for arbitrary normal operators N± and N 2 with 
bounded difference Ni — N 2 , the following formula holds 

f(Ni) - f(N 2 ) = ff f{zi) - f{Z2) dEi(zi)(Ni - N 2 ) dE 2 (z 2 ), (5.2) 
J J zi — z 2 

CxC 

where Ej is the spectral measure of N i: i = 1, 2. Moreover, in this case / is operator 
Lipschitz. 

However, it follows from the results of [JW] that under the above assumptions / must 
have complex derivative everywhere. In other words, / must be an entire function. In 
addition to this / must be Lipschitz. Therefore in this case / is a linear function, but 
the fact that linear functions are operator Lipschitz is obvious. 

Thus to prove that a given function on R 2 is operator Lipschitz, we have to find 
something different. 

To state the main results of this section, we introduce the following notation. Given 
normal operators Ni and N 2 on Hilbert space, we put 

def dcf 

Aj = ReiVj, Bj = 1m Nj, Ej is the spectral measure of Nj, j = 1, 2. 

In other words, Nj = Aj + iBj, j = 1, 2, where Aj and Bj are self-adjoint operators. 
Since the operators Nj are normal, Aj commutes with Bj. 

With a function / on M 2 that has partial derivatives everywhere, we associate the 
following divided differences 

(T> x f)( Zl , Z2 )^ f{x ^- f{x ^\ zi, Z2 eC. 

' Xl - x 2 

and 

t\f ^deff(xi,yi)-f(xi,y 2 ) 

V1-V2 

Throughout the paper we use the notation 

Xj d = Kezj, yj = f Imzj, j = 1, 2. 
Note that in the above definition by the values of D x f and D y f on the sets 
{(zi,z 2 ): Xl = x 2 } and {(zi,z 2 ) : yi = y 2 } 

we mean the corresponding partial derivatives of /. 
Let us now state the main results of this section. 
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Theorem 5.1. Let f be a continuous bounded function on M 2 whose Fourier transform 
& f has compact support. Then the functions D x f and D y f are Schur multipliers with 
respect to arbitrary Borel spectral measures E\ and E 2 ■ 

Moreover, if 

supp^/c{CeC: |C|<<r}, a>0, 

then 

W8xf\\m(Ei,E2) < const cr || /|| L oc and \\Dyf\\m(E u E 2 ) < const ^II/IIl 00 - ( 5 - 3 ) 

Theorem 5.2. Let f be a continuous bounded function on M 2 whose Fourier transform 
& f has compact support. Suppose that Ni and N 2 are normal operators such that the 
operator N\ — N 2 is bounded. Then 

f(N 1 )-f(N 2 ) = J! (® y f)(z 1 ,z 2 )dE 1 (z 1 )(B 1 -B 2 )dE 2 (z 2 ) 

c 2 



+ J J {^ x f){z 1 ,z 2 )dE 1 {z 1 )(A 1 -A 2 )dE 2 {z 2 ). (5.4) 

c 2 

We postpone the proof of Theorem 5.1 till the next section. Let us deduce here 
Theorem 5.2 from Theorem 5.1. 

Proof of Theorem 5.2. Consider first the case when N\ and N 2 are bounded 
operators. Put 

d = max {IITVill,!!^ ||} and D d = {( G C : |C| < d}. 
By Theorem 5.1, both D y f and D x f are Schur multipliers. We have 

J f {® y f)(zuz 2 ) dE 1 (z 1 )(B 1 - B 2 ) dE 2 (z 2 ) 



c 2 



I j (®yf){ Zl ,z 2 ) dE 1 (z 1 )(B 1 - B 2 ) dE 2 (z 2 ) 

II (V y f)(z 1 ,z 2 )dE 1 (z 1 )B 1 dE 2 (z 2 )- II {V y f)(z 1 ,z 2 )dE 1 (z 1 )B 2 dE 2 (z 2 ) 

JxD DxD 

II yi(T> y f)(z 1 ,z 2 )dE 1 (z 1 )dE 2 (z 2 )- II y 2 (T)yf)(z 1 ,z 2 )dE 1 (z 1 )dE 2 (z 2 ) 

)xD DxD 

ll(yi-y2)(®yf)(z 1 ,z 2 )dE 1 (z 1 )dE 2 (z 2 ) 

I [ {f(xi,yi) - f(xi,y 2 )) dE^dE^). 



DxD 

14 



Since DJl(Ei, E 2 ) is a Banach algebra, it is easy to see that the function 
(z 1 ,z 2 ) i-> f(xi,yi) - f(xi,y 2 ) = (yi - y2){® y f)(z 1 ,z 2 ) 
is a Schur multiplier. Similarly, 

JJ(V x f)(z 1 ,z 2 )dE 1 (z 1 )(A 1 -A 2 )dE 2 (z 2 ) = j j \f( Xl ,y 2 )- f(x 2 ,y 2 )) dE^zJ dE 2 (z 2 ). 

C 2 DxD 

It follows that 

J j (® y f){z 1 ,z 2 )dE 1 (z 1 ){B 1 - B 2 )dE 2 (z 2 ) 

J f {V x f){ Zl , z 2 ) dE 1 {z 1 ){A 1 - A 2 ) dE 2 {z 2 ) 

c 2 

= JJ {f(xi,yi)-f(x 2 ,y 2 )) dE 1 {z 1 )dE 2 {z 2 ) 

DxD 

= JJ f(x 1 ,y 1 )dE 1 (z 1 )dE 2 (z 2 )- JJ f{x2,y 2 )dE 1 {z 1 )dE 2 {z2) 



c 2 
+ 



DxD DxD 

= f(N 1 )-f(N 2 ). 
Consider now the case when N± and N 2 are unbounded. Put 



Then 



Pk = £i({(GC: |C| < k}) and Q k d = E 2 ({( G C : |C| < k}), k > 0. 



N^PkN! and No k = Q k N 2 



are bounded normal operators. Denote by Ej jk the spectral measure of Nj tk , j = 1, 2. 
It is easy to see that 

N 1:k = PkAx + \P k B u and N 2>k = A 2 Q k + iB 2 Q k , k> 0. 

We have 

Pkl 1 1 (® y f)(z 1 ,z 2 )dE 1 (z 1 )(B 1 - B 2 )dE 2 (z 2 ) } Q k 



vC 2 



Pk [JJ (S)»/)(«i,«2)d^i,fc(«i)(flfc5i - B 2 Q k )dE 2 , k {z 2 ) Q k 



,c 2 

15 



and 



Pk [II ( S) -/)( z i' z 2)^i(^i)(^i -A 2 )dE 2 (z 2 )j Q k 

= P k (^JJ (V y f)(z 1 ,z 2 )dE hk (z 1 ){P k A 1 -A 2 Q k )dE 2:k {z 2 )^ Q k . 

If we apply identity (5.4) to the bounded normal operators Ni :k and N 2:k , we obtain 
Pk{f(N 1:k )-f(N 2jk ))Q k = 

=Pk iyjj (® y f){zi,z 2 )dE lik {z 1 ){P k B 1 -B 2 Q k )dE 2ik (z 2 ^ Q k 



+ 



Pk \II ^yf)^ z ^ dE ^( z i)(PkAi - A 2 Q k )dE 2tk (z 2 ) J Q k . 

Since obviously, 



x 2 



Pk{f(N hk ) - f(N 2yk ))Q k = P fe (/(iVi) - f(N 2 ))Q k , 

we have 

Pk{f(N 1 )-f(N 2 ))Q k = 

=P k jj (V y f)(z 1 ,z 2 )dE 1 (z 1 )(B 1 - B 2 )dE 2 {z 2 ) J Q, 
\c 2 



+ Pk\ jj (Pxf){zi,z 2 ) dEi(zi)(Ai - A 2 ) dE 2 (z 2 ) | Q k . 

It remains to pass to the limit in the strong operator topology. ■ 

We would like to extend formula (5.4) to the case of arbitrary functions / in B^ (R 2 ) . 
Since i?^ ol (lR 2 ) consists of Lipschitz functions, it follows that for / 6 S ( ^ ol (lR 2 ), 

1/(01 <const(l + Id), (SC. (5.5) 

Hence, for / G B^R 2 ), 

P>f(N) 3 D N . 

Theorem 5.3. Let N± and N 2 be normal operators such that N± — N 2 is bounded. 
Then (5.4) holds for every f G B^R 2 ) . 
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Proof. It suffices to prove that for u G = D^ 2 , 

(f(N 1 )-f(N 2 ))u = IJJ (V y f)(z 1 ,z 2 )dE 1 (z 1 )(B 1 -B 2 )dE 2 (z 2 ) 



,c 2 



+ 



J J (T> x f)(z 1 ,z 2 )dE 1 (z 1 )(A 1 -A 2 )dE 2 (z 2 )\u. 
^c 2 / 



Indeed, if N is a normal operator and / satisfies (5.5), then f(N) is the closure of its 
restriction to the domain of N. 
We have 

(/(Aq) - f(N 2 ))u = ((/ - /(0))(7V 1 )) U - ((/ - f(0))(N 2 ))u, 

((/ - /(0)) (Aq))u = £((/„- /n(°)) ( 5 - 6 ) 

and 

((/ " /(0)) (iV 2 ))« = X ((/n - /n(0)) (JV 2 ))u, (5.7) 

where the functions / n are defined by (2.2). Moreover, the series on the right-hand sides 
of (5.6) and (5.7) converge absolutely in the norm. 
Thus 

(/(JVi) - f(N 2 ))u = X {Um) - f n (N 2 ))u. 

It remains to observe that 

J f (3V)(zi, z 2 ) - B 2 ) d£ 2 (* 2 ) 

c 2 

X// (2>i//n)(«i,^)d^i(«i)(Bi - B 2 )dE 2 {z 2 ) 



c 2 



and 



y ^ (Dj)(zi,2 2 ) - A 2 ) dE 2 {z 2 ) 

c 2 

X J J {^xfn){z 1 ,z 2 )dE 1 {z 1 ){A 1 -A 2 )dE 2 {z 2 ), 



and the series on the right-hand sides converge absolutely in the norm which is an 
immediate consequence of inequalities (5.3). ■ 
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6. Proof of Theorem 5.1 



In this section we are going to prove Theorem 5.1 that gives sharp estimates for the 
norms of D x f and D y f in the space of Schur multipliers. Consider the function D x f, 

7 X\ — X2 

The first natural thought would be to fix the variable y. and represent the function 

( Xl ,x 2 )^ f{Xl ' y2) - f{X2 > y2) 

X\ - X 2 

in terms of the integral projective tensor product L 00 ®-^ 00 in the same was as it was 
done in [Pe3] for functions of one variable. However, it turns out that if we do this, we 
obtain in the integral tensor representation terms that depend on the mixed variables 
( x i,V2), and so this would not help us. 

The first proof of Theorem 5.1 we have found was based on a modification of the 
integral tensor representation obtained in [Pe3] and an estimate in terms of the tensor 
norm (4.6) rather than the integral projective tensor norm. 

In this section we give a different approach based on an expansion of entire functions 

r ■ i i i t t i ■ f sinax 1 

ol exponential type a in the series in the orthogonal basis < > 

[ax -ttti} n& 

For a topological space S£ , we denote by C b ( JT) the set of bounded continuous (com- 
plex) functions on 3£ . If and W are topological spaces, we denote by C b ( JT)(g)hCb(^) 
the set of functions <3? on x <3f that admit a representation 

<I>(x,y) = J2<Pn(x)My), (x,y)e%-x& (6.1) 

n>0 

such that (p n G C b (Jr), ip n G C\,(Y) and 

1/2 / x 1/2 

y^l^n^)! 2 I SUp V " ■ ' J ' : 



SUp 2J^n(aO| 2 SUP^IV-n(y)! 2 <°0- (6-2) 



For 3> G C b ( JT)(g) h C b (^), its norm in C b ( )<g> h C b ($0 is, by definition, the infimum of 
the left-hand side of (6.2) over all representations (6.1). 

For a > 0, we denote by S c the set of entire functions (of one complex variable) of 
exponential type at most a. 

It follows from the results of [Pe3] that 

fix) - f(y) 



/6 4nl°°(l) => ' w < const 1| LOO(R) (6.3) 

x V yn(E 1 ,E 2 ) 

for every Borel spectral measures E\ and on R. 

It was shown in [AP4] that inequality (6.3) holds with constant equal to 1. 

The following result allows us to obtain an explicit representation of the divided dif- 
f( x ) - f( v ) 

ference — J -^- as an element of C b (M)® h C b (R). 
x-y 
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Theorem 6.1. Let f G S a D L°°(R). T/ien 

/(g) ~ f(v) _ 1 N W<y f( x ) ~ f^ng- 1 ) sinay 

x — v t—* ax — irn ay — Tin 

= 1 fm - /(t ) sin Wg - t) ) 

Moreover, 

v l/(x)-/(vrn^)| 2 _ 1 f |/(x)-/(t)| 2 2 

and 

E sin 2 aw 1 f sm 2 (a(y — t)) m , . 

? ^2 = 1 = — / r ^2 d *> f G M - 6 - 7 

neZ (^2/ - 7™) 2 vrcr J R (y - t) 2 

Proof. Clearly, it suffices to consider the case a = 1. Let us first observe that the 
identities in (6.7) are elementary and well known. 

i si^i x i 

We are going to use the well-known fact that the family < > forms an 



z — irn 



orthogonal basis in the space S\ n L 



F{z) = E^r^j-^, (6.8) 



and 



£|F(™)| 2 = i I \F(t)\ 2 dt. (6.9) 

for every Fe^fl £ 2 (R), see, e.g., [L], Lect. 20.2, Th. 1. It follows immediately from 
(6.9) that 

V F(vrn)G(W) = - / F(t)G(t)dt for every F, Ge^n L 2 (R). (6.10) 
^ /« 



fC^;) _ f(X) 

Given x G R, we consider the function F defined by F(X) = , A G C. 

x — A 

Clearly, Fe^fll 2 ' 



It is easy to see that (6.4) is a consequence of (6.8) and the equality in (6.6) is a 
consequence of (6.9). It is also easy to see that (6.5) follows from (6.10). 
It remains to prove that 



i I l/to - /Ml 2 



-I 



dt < 311/11? 



(x-t) 2 " HL°°(R) 

for every / G S\ D L°°(R) and x G R. Without loss of generality we may assume that 
|loo(]r) = 1. Then ||/'||l°°(]R) < 1 by the Bernstein inequality. Hence, \f(x) — f(t)\ < 
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min(2, \x — t\), and we have 



7T Jr (x~ t) 2 7T J R (X- t) 2 7T J IT J 2 t 2 TT 



Remark. Note that the equality 

f(x)-f(y) 1 ff( x )-f(t) sm(a(y-t)) 



x-y tt Jr x-t y-t 



dt 



is an immediate consequence of the well-known fact that r — is the reproducing 

tt(x - y) 

kernel for the functional Hilbert space S\ n L 2 ' 



Theorem 6.2. Let a > and let f be a function in Cb(K 2 ) such that 

supp^/c{CGC: |C|<<t}. 
Then ® x f, ® v f G C b (C)^ h C b (C) ; 

ll^/llc b (C)<g> h c b (C) ^ >/3<7||/||i,oo(c) 

and 

\\®vf\\c h (C)® h C b {C) ^ ^<*\\f\\L°°(C)- 

Proof. Clearly, / is the restriction to M 2 of an entire function of two complex variables. 
Moreover, /(-, a), /(a, ■) G S c D L°°(R) for every a£l. It suffices to consider the case 
(7 = 1. By Theorem 6.1, we have 

(D f)(z x z 2 ) = f ^ Xl,y ^ ~ f( X2 > V2 } = yv !)" ■^ 7m ' ^ ~ /( x 2, 1/2) _ sinxi 
and 



xi — X2 irn — X2 x\ — tth 



, v v def f(xi,yi) - f(xi,y 2 ) srt r\nf( x i,yi) - f(xi,irn) smy 2 
{AJyf){zi,Z2) - 2 A~ L 



Vi ~ V2 ^ yi - Trn y 2 - irn 

s'mxi f(xi, yi) — f(xi, 7rn) x 

Note that the functions and depend on z\ = 

x\ — irn y\ — irn 

a a + a a 1 \ v,-i 4-v, r +• f{™,y 2 ) - f{x 2 ,y 2 ) siny 2 
and do not depend on Z2 = (#2, J/2 J while the functions and 



7rn — X2 y 2 — vrn 

depend on z 2 = (x 2 ,y 2 ) and do not depend on z\ = (xi,y\). Moreover, by Theorem 6.1 
we have 

E '^"L'lS'"'" 2 * 3 «/^. Oli-« S 3||/||1„ (C) , 

V \f(™,y 2 )- f(x 2 ,y 2 )\ 2 2 q|| f||2 

^ (7m - x 2 ) 2 3 II^C-,2/2)|li,oo (ffi) < 3||/|| LOO(c) , 
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and 

sin 2 xi sin 2 y 2 _ 

This implies the result. ■ 

Proof of Theorem 5.1. The result follows from Theorem 6.2, because 

ll^lk^,^) < \\Hc h (C)® h C h (C) 

for every <3? G Cb(C)<8>hCb(C) and for every Borel spectral measures E\ and E 2 on C (see 
§4). ■ 

Remark. The proof of Theorem 5.1 given above is based on the representation of 
(6.4). It is also possible to prove this theorem by using integral representation (6.5) and 
estimate the norm in the space of Schur multipliers in terms of (4.6). 



7. Operator Lipschitzness and preservation of operator ideals 

In this section we show that functions in the Besov space .B^^R 2 ) are operator 
Lipschitz. We also show that if / € i?^ ol (lR 2 ), then 

Nl - N 2 G 3 f(N x ) - f(N 2 ) G 3, 

whenever 3 is a quasinormed operator ideal with majorization property. In particular, 
this is true if 3 = S\. 

Recall that in the case 3 = S± one cannot replace the Besov class B^ ol (M?) with the 
Lipschitz class. Indeed, even in the case of self-adjoint operators a Lipschitz function / 
on R does not possess the property 

A- Be Si => f(A)-f(B)eS 1 . 

This was shown for the first time in [F2]. Later necessary conditions were found in [Pe2] 
and [Pe3] that also show that Lipschitzness is not sufficient. 

The following lemma is an immediate consequence Theorems 5.1 and 5.2. 

Lemma 7.1. Let f be a function in Cb(R 2 ) such that 

supp^/c{CGC: |C|<<7}, a>0. 

If Ni and N 2 are normal operators, then 

\\fim) - f(N 2 )\\ < const <7||/||Loo||tfi - iV 2 ||. 

Theorem 7.2. Let f belong to the Besov space S^ ol (R 2 ) and let N\ and N 2 be normal 
operators whose difference is a bounded operator. Then (5.4) holds and 

Wf(Ni) - f(N 2 )\\ < const \\f\\ Blolim \\m - N 2 \\. 
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Proof. It follows from Lemma 7.1 that 

< const Y, 2n H/n||L- ll^i - JV 2 || < const 11/11^(^)11^ - iV 2 || 

(see the definition of B^K 2 ) in § 2). ■ 

In other words, functions in 5^ ol (lR 2 ) must be operator Lipschitz. 
We can obtain similar results for operator ideals. 

Lemma 7.3. Let 3 be a quasinormed ideal of operators on Hilbert space that has 
majorization property and let f be a function in (7b(K 2 ) such that 

supp J*7 C {( G C : |C| < cr}, a > 0. 

// Ni and N 2 are normal operators such that Ni — N 2 G 3, then 

f(N 1 )-f(N 2 )e3 and \\f(Ni) - f(N 2 )\\ 3 < ca\\f\\ L - \\Ni - N 2 \\ 3 

for a numerical constant c. 

Proof. The result follows from Theorem 5.1 and from (4.7). ■ 

Theorem 7.4. Let 3 be a quasinormed ideal of operators on Hilbert space that has 
majorization property and let f belong to the Besov space B^ (M 2 ) . If Ni and N 2 are 
normal operators such that Ni — N 2 G 3. Then f(N±) — f(N 2 ) G 3 and 

Wfim) - f(N 2 )\\ 3 < c ii/Hb^^) 11^ - N 2 y 

for a numerical constant c. 

Proof. In the case where J is a normed ideal the result is an immediate consequence 
of Lemma 7.3. In particular, Theorem 7.4 is true for J = S[. To complete the proof in 
the general case it suffices to use the majorization property. ■ 

Corollary 7.5. There exists a positive number c such that if f G B^ (M 2 ) and let 
Ni and N 2 are normal operators such that Ni — N 2 G Si, then f(Ni) — f(N 2 ) G Si and 

\\f(Ni) - f(N 2 )\\ Sl < c 11/11^^)11^1 - JV 2 || Sl . 



8. Operator Holder functions and arbitrary moduli of continuity 

Recall that a G (0, 1), the class Aq,(IR 2 ) of Holder functions of order a is defined by: 

a (Tu>2\ dci lf inn \f(zi) - f(z 2 )\ \ 

A a (R ) = <f : ||/|| Aa (R2) = sup — j — - — - — < 00 S . 

21^22 \ z l z 2\ J 

In this section we show that in contrast with the class of Lipschitz functions, a Holder 
function of order a G (0, 1) must be operator Holder of order a. 

We also consider in this section the more general case of functions in the space A u 
where u is an arbitrary modulus of continuity. 
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Theorem 8.1. There exists a positive number c such that for every a G (0,1) and 
every f £ A a (R 2 ), 

||/(Aq) - f(N 2 )\\ < c(l - a)- 1 ||/||A a ( K2 )||iVi - iV2|| Q . (8.1) 
/or arbitrary normal operators N\ and N 2 . 

Proof. The proof is almost the same as the proof of Theorem 4.1 of [AP2] (see also 
Remark 1 following Theorem 4.1 in [AP2]) for self-adjoint operators. All we need is the 
following: 

WUm) - f n (N 2 )\\ < const 2 n ||/ n || L ^||iV 1 - N 2 \\, neZ, (8.2) 

and 

H/nlU- < const 2-" a ||/|| Aa(R2) , neZ, (8.3) 

where the functions f n are defined by (2.2). We remind that (8.2) is a consequence of 
Lemma 7.1, while (8.3) is a special case of Theorem 2.1. 

The deduction of inequality (8.1) from (8.2) and (8.3) is exactly the same as in the 
proof of Theorem 4.1 of [AP2], in which inequality (8.1) for self-adjoint operators is 
deduced from the corresponding analogs of inequalities (8.2) and (8.3). ■ 

Consider now more general classes of functions. Let w be a modulus of continuity. 
Recall that the class A w (IR 2 ) is defined by 

A An>2\ def J , ,, ,,, \f(zi)-f(z 2 )\ \ 

[ W(|zi-Z2|) J 

As in the case of functions of one variable (see [API], [AP2]), we define the function 
by 

a,. ( x ) d ^ f x J^^dt, x> 0. (8.4) 

Theorem 8.2. There exists a positive number c such that for every modulus of con- 
tinuity co and every / 6 A w (M 2 ) , 

||/(JVi) - f(N 2 )\\ < c ||/|| Aw(K2) ^(HJVx - A 2 ||) (8.5) 
for arbitrary normal operators Ni and N 2 . 

Proof. To prove Theorem 8.2, we need inequalities (8.2) and Theorem 2.1. The 
deduction of inequality (8.5) from (8.2) and Theorem 2.1 is exactly the same as it was 
done in the proof of Theorem 7.1 of [AP2] in the case of self-adjoint operators. ■ 

Corollary 8.3. Let uj be a modulus of continuity such that 

U3*(x) < const oj(x), x > 0, 

and let f G A W (M 2 ). Then 

\\f(Ni) - f(N 2 )\\ < const ||/|| Aw(ffi2) 0,(11^ - N 2 \\) 
for arbitrary normal operators N\ and N 2 . 
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Theorem 8.2 allows us to estimate ||/(iVi) — /(iV 2 )|| for Lipschitz functions / and 
normal operators N\ and N 2 whose spectra are contained in a given compact convex 
subset of C. 

For a Lipschitz function / on a subset K of C, the Lipschitz constant is, by definition, 

H/llLip = sup< — - — — — . Cii C2 e a, Ci t C2 
I IC1-C2I 

For a Lipschitz function / on a compact convex subset if of C, we extend it to C by the 
formula 

/(o = m), (s.e) 

where Q is the closest point to £ in if. It is easy to see that the Lipschitz constant of 
this extension does not change. 

Theorem 8.4. Let N\ and N2 be normal operators whose spectra are contained in a 
compact convex set K and let f be a Lipschitz function on K . Then 

||/(iVi) - /(iV 2 )|| < const H/lliipllM - N 2 \\ (l + log p^j^l ) > ( 8 ' 7 ) 
where d is the diameter of K. 

Proof. Without loss of generality, we may assume that ||/||Lip = 1- Let us extend / 
to C by formula (8.6). Define the modulus of continuity oj by 



u,(6) 



'5, 5 <d, 
d, 5 > d. 

Clearly, / G A W (M 2 ) and WfU^ < ||/|| Lip . We have 



u*{5)=5 — + Sd — = 5log- + 5, 5<d, 
Js t Jd t 

where is defined by (8.4). Now inequality (8.7) follows immediately from Theorem 
8.2. ■ 



9. Perturbations of class S p and more general operator ideals 

In this section we obtain sharp estimates for f(N\) — /(AT 2 ) in the case when 
/ G A Q (M 2 ), < a < 1, and N\ and N2 are normal operators such whose differ- 
ence belong to Schatten-von Neumann classes S p . We also obtain more general results 
in the case when the difference of the normal operators belongs to operator ideals. 

Let us first state the result for Schatten-von Neumann classes. 

Theorem 9.1. Let < a < 1 and 1 < p < 00. Then there exists a positive number 
c such that for every / £ A a (IR 2 ) and for arbitrary normal operators Ni and N2 with 

24 



Ni — N 2 £ S p , the operator /(Aq) — f(N 2 ) belongs to S p / a and the following inequality 
holds: 

\\fim) - f(N 2 )\\ Sp/a < cii/iu^m)!!^ - N 2 \r Sp . 

We discuss the case p = 1 after the proof of Theorem 9.3. 

Theorem 9.1 is an immediate consequence of a more general result for operator ideals, 
see Theorem 9.7 below. 

To proceed to operator ideals, we start with the ideals S l p . Recall that for I > and 
p > 1, the normed ideal S l p consists of all bounded linear operators equipped with the 
norm 

\j=o 

Theorem 9.2. Let < a < 1. Then there exists a positive number c > such that 
for every I > 0, p G [1, oo), / G A a (lR 2 ) ; and for arbitrary normal operators N± and N 2 
on Hilbert space with bounded Ni — N 2 , the following inequality holds: 



SjiWi) - f(N 2 )) < c||/|| Aa(M2) (l + j)- a/p Wi - N 2 




for every j <l. 

Proof. The proof is almost the same as the proof of Theorem 5.1 of [AP3]. To be able 
to apply the reasonings given in the proof of Theorem 5.1 of [AP3], we need inequality 
(8.3) and the following inequality: 

WMN!)- f n (N 2 )\\ slp < const 2 n ||/ n || Loo \\m - N 2 \\ s t p , n G Z, (9.1) 

where the functions f n are defined by (2.2). Inequality (9.1) is an immediate consequence 
of Lemma 7.3. All the details can be found in the proof of Theorem 5.1 of [AP3]. ■ 

Theorem 9.3. Let < a < 1. Then there exists a positive number c > such that 
for every f G A a (R 2 ) and arbitrary normal operators N\ and N 2 on Hilbert space with 
N\ — N 2 G Si, the operator f(N\) — f(N 2 ) belongs to S j_ and the following inequality 
holds: 

\\f(Ni)-f(N 2 )\\ s <c\\f\\ Aa{R2) \\Ni-N 2 \\ Sl . 

Proof. As in the case of self-adjoint operators (see Theorem 5.2 of [AP3]), this is an 
immediate consequence of Theorem 9.2 in the case p = 1. ■ 

Note that the assumptions of Theorem 9.3 do not imply that f(Ni) — f(N 2 ) G Sy a . 
This is not true even in the case when Aq and N 2 are self-adjoint operators. This was 
proved in [AP3]. Moreover, in [AP3] a necessary condition on the function / onR was 
found for 

f{A) - f(B) G S 1/a , whenever A = A*, B = B* and A - B G S x . 

That necessary condition is based on the S p criterion for Hankel operators ([Pel] and 
[Pe4], Ch. 6) and shows that the condition / G A Q (IR) is not sufficient. 

25 




The following result ensures that the assumption that Aq — N2 G S\ for normal 
operators Aq and N2 implies that f(Ni) — f(N2) G Si/ a under a slightly more restrictive 
assumption on /. 

Theorem 9.4. Let < a < 1. Then there exists a positive number c > such that 
for every f G B^iM?) and arbitrary normal operators Aq and N2 on Hilbert space with 
Aq — A 2 G S±, the operator f(Ni) — f(N 2 ) belongs to Si/ a and the following inequality 
holds: 

||/(7Vi) - f(N 2 )\\ Si/a < c||/|| B . i(K2) ||iV 1 - N 2 \\ a Sl . 
Note that in the case a = 1 turns into Corollary 7.5. 

Proof of Theorem 9.4. Again, if we apply Lemma 7.3, the proof is practically the 
same as the proof of Theorem 5.3 in [AP3]. ■ 

Theorem 9.5. Let < a < 1. Then there exists a positive number c > such that 
for every f G A a (lR 2 ) and arbitrary normal operators N\ and N2 on Hilbert space with 
bounded Aq — N 2 , the following inequality holds: 

s 3 (\f(N 1 )-f(N 2 )\ l/a )<c\\f\\ 1 ^ m a 1 (N 1 -N2), j > 0. 

Recall that the numbers o-j(N\ — N 2 ) defined by (3.1). 

Proof. As in the case of self-adjoint operators (see [AP3]), it suffices to apply Theorem 
9.2 with I = j and p = 1. ■ 

Now we are in a position to obtain a general result in the case / G A a (M 2 ) and 
Ai — N 2 G 3 for an arbitrary quasinormed ideal 3 with upper Boyd index less than 1. 
Recall that the number Cj is defined in § 3. 

Theorem 9.6. Let < a < 1. Then there exists a positive number c > such 
that for every f G A a (M 2 ), for an arbitrary quasinormed ideal 3 with (3? < 1, and for 
arbitrary normal operators Ni and N 2 on Hilbert space with N\ — N2 G 3, the operator 
|/(Ai) — / (A2)| 1//a belongs to 3 and the following inequality holds: 

\\f(N 1 )-f(N 2 )\ 

Proof. The proof is almost the same as the proof of Theorem 5.5 in [AP3]. ■ 
We can reformulate Theorem 9.6 in the following way. 

Theorem 9.7. Under the hypothesis of Theorem 9.6, the operator f(Ni) — /(A2) 
belongs to ji 1 /"} and 

||/(AM - f(N2)\\ 3{1/a} < c a csii/iu^HM - JV 2 ||?. 

The following result is a consequence of Theorem 9.6. 

Theorem 9.8. Let < a < 1 and 1 < p < 00. Then there exists a positive number c 
such that for every f G A a (M 2 ), every I G Z+, and arbitrary normal operators Aq and 
N2 with bounded Aq — N2, the following inequality holds: 

E (-,- - f(N 2 )\ 1/a )) P < c ||/||t (R2) £ " N 2 )) P . 

3=0 3=0 
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^cCall/H^II^-A^b. 



Proof. As in the case of self-adjoint operators (see [AP3]), the result immediately 
follows from Theorem 9.6 from (3.6). ■ 

10. Commutators and quasicommutators 

In this section we obtain estimates for quasicommutators f(N{)R — i?/(AT 2 ), where 
Ni and N2 are normal operators and R is a bounded linear operator. In the special 
case when R = I we arrive at the problem of estimating f(Ni) — /(A^) that we have 
discussed in previous sections. On the other hand, in the special case when N\ = N2 we 
have the problem of estimating commutators f(N)R — Rf(N). 

It turns out, however, that it is impossible to obtain estimates of ||_f (iVi)i? — Rf(N2)\\ 
in terms of ||iVii? — RN2\\- This cannot be done even for the function f(z) = z. 

Though the well-known Fuglede-Putnam theorem says that the equality N\R = RN2 
for a bounded operator R and normal operators N\ and N2 implies that N^R = RN%, 
the smallness of N\R — RN2 does not imply the smallness of N^R — RN^- 

Indeed, it follows from Corollary 4.3 of [JW] that for every e > there exists a bounded 
normal operator N and operator R of norm 1 such that 

\\NR- RN\\ < e but \\N*R - RN*\\ > 1. 

The results of [JW] also imply that if / € C(C) and 

\\f(N)Q - Qf(N)\\ < const \\NQ - QN\\ 

for all bounded operators Q and bounded normal operators N, then / is a linear function, 
i.e., f(z) = az + b for some a, b G C. 

In this section we obtain estimates for quasicommutators f(N\)R — Rf(N2) in terms 
of the quasicommutators N\R — RN2 and N*R — RN^. 

Let us explain what we mean by the boundedness of N±R — RN2 for not necessarily 
bounded normal operators N\ and N2- 

We say that the operator N±R — RN2 is bounded if R{2)n 2 ) C and 

\\N\Ru — RN2u\\ < const for every u G &n 2 - 

Then there exists a unique bounded operator K such that Ku = N\Ru — RN2U for all 
u G &n 2 - I n this case we write K = N\R — RN2. Thus N\R — RN2 is bounded if and 
only if 

\{Ru,N?v) - (N 2 u,R*v) I < const ||u|| ■ ||v|| (10.1) 

for every u G S>n 2 an d v ^ ^N* = @Ni- It is easy to see that N\R — RN2 is bounded 
if and only if N%R* - R*Nf is'bounded, and (N X R - RN 2 )* = -(N~*R* - R*N*). In 
particular, we write N\R = RN2 if R{S>n 2 ) C and N\Ru = RN2U for every u G S>n 2 - 
We say that \\N\R — RN2W = 00 if N\R — RN2 is not a bounded operator. 
We need the following observation: 

Remark. Suppose that is the closure of an operator iVj, and N2 is the closure of 
an operator Np Suppose that inequality (10.1) holds for all u G and v G 3>N b - Then 
it holds for all u G @n 2 and v G &>n-l ■ 
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Theorem 10.1. Let f be a function in Cb(K 2 ) whose Fourier transform ^ f has 
compact support. Suppose that R is a bounded linear operator, N\ and N 2 are normal 
operators such that the operators N\R — RN 2 and N^R — i?7V| are bounded. Then 

f(N 1 )R-Rf(N 2 ) = JJ (Qyf)(z 1 ,Z2)dE 1 (z 1 )(B 1 R-RB 2 )dE2{z 2 ) 

c 2 

+ JJ {® x f)(z 1 ,z 2 )dE 1 (z 1 )(A 1 R- RA 2 )dE 2 {z 2 ). (10.2) 

c 2 

Proof. The proof is similar to the proof of Theorem 5.2, Consider first the case when 
A?i and N 2 are bounded operators. Put 

d = max{||7V 1 ||,||iV 2 ||} and D = {Q G C : |C| < d}. 
By Theorem 5.1, both D y f and D x f are Schur multipliers. We have 

J I (® y f)( Zl ,z 2 ) dE 1 (z 1 )(B 1 R - RB 2 ) dE 2 (z 2 ) 

c 2 



= JJ {J) y f){z 1 ,z 2 )dE 1 {z 1 ){B 1 R-RB 2 )dE 2 {z 

DxD 

= JJ (V y f)(zi, Z 2)dE 1 ( Zl )B 1 RdE 2 (z 2 ) - JJ (V y f)(z 1 ,z 2 )dE 1 (z 1 )RB 2 dE 2 (z 2 ) 

DxD DxD 

= JJ yi (T> y f)( Zl , z 2 ) dE 1 (z 1 )RdE 2 (z 2 ) - JJ y 2 (T> y f)( Zl , z 2 ) dE 1 (z 1 )RdE 2 (z 2 ) 

DxD DxD 

= JJ(yi-y2){^ y f)(zi,z 2 )dE 1 (z 1 )RdE 2 (z 2 ) 

DxD 

= JJ (f(xi,yi) — f{xi,y 2 )) dEx(z±)R dE 2 (z 2 ) . 



DxD 
Similarly, 



J j (V x f)( Zl ,z 2 ) dE 1 {z 1 )(A 1 R - RA 2 ) dE 2 (z 2 ) 

c 2 

= JJ (f(x\,y 2 ) — f(x 2 ,y 2 )) dEx(zi)R dE 2 (z 2 ) . 



DxD 
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It follows that 



J j (V y f)( Zl ,z 2 ) dE 1 (z 1 ){B 1 R - RB 2 ) dE 2 (z 2 ) 

c 2 

+ J J (^ x f)(z 1 ,z 2 )dE 1 (z 1 )(A 1 R-RA 2 )dE 2 (z 2 ) 
c 2 

= J J {fix^- f{x 2 ,y 2 ))dE 1 {z 1 )RdE 2 {z2) 

DxD 

= J J f{x 1 ,y 1 )dE 1 {z 1 )RdE 2 {z 2 ) - jj f(x 2 ,y 2 )dE l (z 1 )RdE 2 (z 2 ) 

DxD DxD 

= f(N 1 )R-Rf(N 2 ). 

In the general case we use the same approximation procedure as in the proof of The- 
orem 5.2. ■ 

As in the case of differences f(N\) — f(N 2 ), we can extend Theorem 10.1 to functions 



Theorem 10.2. Let N\ and N 2 be normal operators and let R be a bounded linear 
operator such that the quasicommutators N\R— RN 2 and N^R— i?iV| are bounded. Then 
(10.2) holds for every f G B^i 



Proof. The proof is almost the same as the proof of Theorem 5.3. ■ 
Theorem 10.2 allows us to generalize all the results of Sections 7, 8, and 9 to the case 
of quasicommutators. We state some of them. The proofs of the theorems stated below 
is exactly the same as the proofs of the corresponding results in Sections 7-9. 

Theorem 10.3. There exists a positive number c such that for every normal operators 
N\ and N 2 , every bounded linear operator R and an arbitrary function f in i?^ ol (M 2 ) 
the following inequality holds: 

\\f(Ni)R - Rf(N 2 )\\ < c||/|| B i oi(K2) max - RN 2 \\, \\N?R - RN^\}. 

Theorem 10.4. Let < a < 1. Then there exists c > such that for every 
f G A a (lR 2 ) ; for arbitrary normal operators N\ and N 2 and a bounded operator R the 
following inequality holds: 

\\f(N 1 )R- Rf(N 2 )\\ < C ||/|| Aa(Ra) max{||Mi2- RN 2 \\,\\N*R- RN^WRW 1 ^ . 

Theorem 10.5. There exists c > such that for every modulus of continuity uj, for 
every f G A W (M 2 ), for arbitrary normal operators Ni and N 2 , and a bounded nonzero 
operator R the following inequality holds: 



WfiN^R- Rf(N 2 )\\ < c\\f\\ Aw{R2) \\R\\ co, 



' max {\\N!R - RN 2 \\, \\N^R-RN^\ 
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The next result shows that in the case NiR — RN 2 G S p , 1 < p < oo, and 
/ G A a (M 2 ), < a < 1, we can estimate ||/(JVi)i2 - i2/(JV 2 )|| s in terms of 

\\NiR - RN 2 \\s p , we do not need \\NfR - RN% \\ 3p . 

Theorem 10.6. Let < a < 1 and 1 < p < oo. TTien i/iere exists a positive number c 
such that for every f G A a (lR 2 ), /or arbitrary normal operators Aq and N 2 and a bounded 
operator R with N X R - RN 2 G S p and N^R-RN^ G S p , the operator f(N 1 )R—Rf(N 2 ) 
belongs to S p / a and the following inequality holds: 

\\f(N 1 )R-Rf(N 2 )\\ Sp/a <c||/|| Aa(M2) ||Aqi?-i?Ayg p . 

Proof. In the same way as in the proof of Theorem 9.1, we can prove that 
\\f(N 1 )R - Rf(N 2 )\\ Sp/a < c \\f\\ Aa{m max {\\Nrf - RN 2 \\ Sp , \\N^R - R^Ws,}" ■ 

The result follows from the well-known inequality: 

WN^R- RN 2 ¥ \\ Sp < const W^R- RN 2 \\ Sp , K p < oo, (10.3) 

see [AD] and [S]. ■ 

Note that inequality (10.3) does not hold for p = 1, see [KS]. Thus to obtain analogs 
of Theorems 9.3 and 9.4, we have to estimate the quasicommutators f(N±)R — Rf{N 2 ) 
in terms of both N\R — RN 2 and N*R — RN 2 . Let us state e.g., the analog of Theorem 
9.4. 

Theorem 10.7. Let < a < 1. Then there exists a positive number c such that for 
every f G 5^ )1 (]R 2 ) ; for arbitrary normal operators N± and N 2 and a bounded operator 
R with ^R - RN 2 G Si and N^R - RN^ G S lf the operator f(N ± )R - Rf(N 2 ) belongs 
to Si/ a and the following inequality holds: 

\\f(N 1 )R - Rf(N 2 )\\ Si/a < c ||/|| B a i(R2) maxjlliVxi? - RN 2 \\ Sl , \\N*R - i?iY 2 *|| Sl } Q . 
The proof is almost the same as the proof of Theorem 9.4. 
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